Abstract. We prove that the category of graded finitely generated representations of the the cyclotomic quiver Schur algebra is a Koszul category.
Introduction
Let e, l be integers, e > 1, l > 0. Let Γ be the cyclic quiver of type A e−1 and let I be the set of its vertices. To each d ∈ N and each tuple s ∈ (Z/eZ) l we associate a cyclotomic q-Schur algebra S [22] , [24] we can identify the category mod(S s d ) of finite dimensional S s d -modules with a highest weight subcategory A of a parabolic category O of gl N at negative level for some N ∈ N, see Theorem 2.38. The category A has a Koszul grading by [26, Thm. 6.4] . In Section 2.9 we define a class of gradings on S s d that we call admissible gradings. An example of such grading is given in [28] . We fix an admissible grading of S The proof of the theorem is inspired by [12] and [28] . It is essential to calculate the graded multiplicities of the simple modules in the parabolic Verma modules in O. This is done in Appendix A.
After this paper was written we received a copy of Webster's paper [32] where a similar statement as Theorem 1.1 is announced.
Quiver Schur algebras and Koszul duality
Let k be a field of characteristic zero. All functors between additive (resp. klinear) categories are supposed to be additive (resp. k-linear). Let e, l be integers, l > 0, e > 1. Fix a tuple s = (s 1 , · · · , s l ) of elements of Z/eZ. For each Z-graded finite dimensional k-vector space V , let dim q V ∈ N[q, q −1 ] be its graded dimension, i.e., dim q V = g∈Z (dim V g )q g .
Graded categories.
For any noetherian ring A, let mod(A) be the category of finitely generated left A-modules. For any noetherian Z-graded ring A, let grmod(A) be the category of Z-graded finitely generated left A-modules. The morphisms in grmod(A) are the morphisms which are homogeneous of degree zero.
Definition 2.1. A Z-category (or a graded category) is an additive category C with a fixed autoequivalence T : C → C. We call T the shift functor. For each X ∈ C and n ∈ Z, we set X n = T n (X). A functor of Z-categories is a functor commuting with the shift functor.
For a graded noetherian ring A the category grmod(A) is a Z-category where T is the shift of grading, i.e., for M = ⊕ n∈N M n ∈ grmod(A), k ∈ Z, we have
Definition 2.2. Let C be an abelian category. We say that an abelian Z-category C is a graded version of C if there exists a functor F C : C → C and a graded noetherian ring A such that we have the following commutative diagram, where the horizontal arrows are equivalences of categories and the top horizontal arrow is a functor of Z-categories C − −−− → grmod(A)
C − −−− → mod(A).
In the setup of Definition 2.2, we say that the object X ∈ C is a graded lift of the object X ∈ C if we have F C (X) ≃ X. For objects X, Y ∈ C with fixed graded lifts X, Y the Z-module Hom C (X, Y ) admits a Z-grading given by Hom C (X, Y ) n = Hom C (X n , Y ). In the sequel we will often denote the object X and its graded lift X by the same symbol. Definition 2.3. We say that an abelian category is gradable if it has a graded version in sense of Definition 2.2. For two gradable abelian categories C 1 , C 2 with graded versions C 1 , C 2 we say that the functor of Z-categories Φ : C 1 → C 2 is a graded lift of a functor Φ : C 1 → C 2 if F C2 • Φ = Φ • F C1 . We say that C 1 and C 2 are equivalent as gradable categories if there exists a commutative diagram Let A = n 0 A n be an N-graded k-algebra such that A 0 is semisimple. We identify A 0 with the left graded A-module A 0 ≃ A/⊕ n>0 A n . Definition 2.4. The graded algebra A is Koszul if the left graded A-module A 0 admits a projective resolution · · · → P 2 → P 1 → P 0 → A 0 such that P k is generated by its degree k component.
If A is Koszul, we consider the graded k-algebra A ! = Ext * A (A 0 , A 0 ) op and we call it the Koszul dual algebra to A. Here (•) op means the algebra with the opposite product. If A = grmod(A), we write A ! = grmod(A ! ) and we call it the Koszul dual category of A. We write also A ! = mod(A ! ). (a) The algebra A ! is also Koszul and there is a graded algebra isomorphism (A ! ) ! ≃ A.
(b)
There is an equivalence of categories K : 
2.3.
Graded highest weight categories. Let C be an abelian category which is equivalent to the category mod(A) for a finite dimensional k-algebra A and let (Λ, ) be a finite poset. Let ∆ = {∆(λ); λ ∈ Λ} be a family of objects in C.
there is a projective object P (λ) ∈ C and a surjection f : P (λ) → ∆(λ) such that Ker(f ) has a (finite) filtration whose successive quotients are objects of the form ∆(µ) with µ > λ, (c) for each λ ∈ Λ, we have End C (∆(λ)) = k, (d) for each λ, µ ∈ Λ such that Hom C (∆(λ), ∆(µ)) = 0, we have λ µ. We call the objects ∆(λ)'s the standard objects.
For each λ ∈ Λ, the module ∆(λ) has a unique simple quotient L(λ). Let ∇(λ) be the costandard object with parameter λ, see [24, Prop. 2.1] . Now, assume that the k-algebra A is Z-graded. In addition, we make the following assumption :
Let C ∆ be the full subcategory of objects of C that have a finite filtration by the graded modules of the form ∆(λ) k for λ ∈ Λ, k ∈ Z. We will refer to such filtration as a graded ∆-filtration. Assume that M ∈ C ∆ . Let (M : ∆(λ) k ) be the multiplicity of ∆(λ) k in a graded ∆-filtration of M . A standard argument shows that this multiplicity is independent of the choice of a graded ∆-filtration. Set also
Proof. The only if part follows from [7, Prop. A2.2 (iii)]. Now, let us prove the if part. Assume that Ext 1 C (M, ∇(λ)) = 0 for each λ ∈ Λ. We want to prove that M ∈ C ∆ . We will prove the statement by induction on the length of a JordanHölder series of M . If M = 0, the statement is trivial. Now, assume that M = 0.
It yields an exact sequence
The rightmost term is zero by assumption. Moreover, each simple subquotient of ∇(µ)/L(µ) is of the form L(µ ′ ) with µ ′ < µ λ 0 . Thus the leftmost term is also zero by minimality of λ 0 . This implies Ext 1 (M, L(µ)) = 0. Let N (λ 0 ) be the radical of ∆(λ 0 ). Consider the short exact sequence
It yields the exact sequence
Each simple subquotient of N (λ 0 ) in C is of the form L(µ) with µ < λ 0 . By the previous discussion this implies Ext 1 C (M, N (λ 0 )) = 0. In particular, we deduce that the rightmost term is zero. Thus the morphism δ is surjective. Moreover,
The leftmost term is zero by assumption and the rightmost term is zero by [7, Prop. A2.2 (ii)]. Thus, we have Ext 
Proof. For each λ, µ ∈ Λ and each k ∈ Z, we have dim
Therefore, for each λ, µ ∈ Λ, we get
Now, we add one more assumption: (a 2 ) there is an equivalence of categories D : C op → C such that
• D admits a graded lift D : C op → C that is also an equivalence of categories,
Corollary 2.12. Assume that (a 1 ) and (a 2 ) hold. Then, for each λ, µ ∈ Λ, we have
Proof. By [24, Prop. 2.6 ] the functor D must exchange ∆(λ) and ∇(λ) for each λ ∈ Λ because the category C op is a highest weight category with standard modules ∇(λ), λ ∈ Λ, see the discussion after [7, Lem. A3.5] . Thus by the normalization of grading the functor D exchanges the graded objects ∆(λ) and ∇(λ). For each λ, µ ∈ Λ and each k ∈ Z, we have
Note that this is not the usual definition of a composition because we do not allow zero components. We set l(λ) = k,
To each partition of n we associate a Young diagram Y (λ) such that Y (λ) has λ t boxes in the tth row for each t ∈ [1, k] . The empty partition is represented by the empty diagram. An l-composition (resp. l-partition) of an integer n 0 is an l-tuple λ = (λ 1 , · · · , λ l ) of compositions (resp. partitions) of integers n 1 , · · · , n l 0 such that l t=1 n t = n. We associate with each l-partition
n . Let Γ be the quiver with the vertex set I = Z/eZ and the arrow set H = {i → i + 1; i ∈ I}. Let (a ij ) i,j∈I be the associated Cartan matrix, i.e., we put
|d| such that i has d i entries equal to i for each i ∈ I. We have
It acts on I d by permutation of the components. This action preserves each subset
where the sum is taken in NI.
2.5. Rigid modules. Let A be a noetherian k-algebra and let M be an A-module of finite length.
M . An A-module M of finite length is rigid if its radical and socle filtrations coincide, i.e., r = s and rad a M = soc r−a M for each a ∈ [1, r − 1]. Now, assume that A is an N-graded k-algebra and let M be a graded A-module of finite length. Let z ∈ Z be minimal such that 
otherwise,
for each i, j ∈ I d and each admissible r and s. The algebraR d admits a Z-grading
Definition 2.20. For each i ∈ I, let c i be the number of elements of s equal to i. The cyclotomic KLR-algebra R s d is the quotient of the algebraR d by the ideal generated by y
It is a homogeneous idempotent concentrated in degree zero. We will also denote by e(d) the image of e(d) in R s d . We have the following decomposition in sums of unital 
2.8. Quiver Schur algebra. Let Γ be the quiver as in Section 2.
We call an
Let µ be the vector composition associated withμ, i.e., µ is the tuple obtained by taking together all the components µ 0 , · · · , µ l ofμ (ordered from µ 0 to µ l ).
For each ν ∈ NI and i ∈ I we will write ν(i) for the I-component of ν, i.e., we have ν = i∈I ν(i) · i. Let ν ν ν = (ν 1 , · · · , ν l ) be an l-tuple of elements of NI.
is the I-graded flag in V whose components are among the components of the flag φ and the graded dimensions of
are the weights of the components 
From now on, we fix an admissible grading of S has an admissible grading. We will see a finite dimensional Z-graded k-vector space U = n∈Z U n as a complex with zero differ-
Let Λ V,s be the set of isomorphism classes of simple G V -equivariant perverse sheaves on E V,s that appear as shifts of direct summands of Lμ ,s for someμ ∈ VDat(d). For each λ ∈ Λ V,s , fix a perverse sheaf IC λ on E V,s in the class λ. For eachμ ∈ VDat(d), we have an isomorphism
for some Z-graded vector spaces Uμ ,s,λ . Note that we have a graded k-vector space isomorphism Uμ ,s,λ ≃ (Uμ ,s,λ ) * , because Lμ ,s is self-dual with respect to the Verdier duality. Set also
The graded algebra
is Morita equivalent toÃ s d . The corresponding equivalence of (ungraded) module categories is given by the functor
op coming from the Verdier duality. In the same way as above we can define an anti-involution i : ′ is projective and finitely generated. Thus, we have HomÃs 
Lemma 2.27. The graded anti-involution i factors to the graded anti-involution
Here, the third isomorphism is Lemma 2. 
This proves the claim. The proof of Lemma 2.11 implies that [P λ :
We claim that the functor π ! yields a surjection HomÃs
. Indeed, since the right hand side is equal to HomÃs
) by adjunction and since HomÃs
is exact, the claim follows from the surjectivity of the unit morphismP
. We have ( The following theorem is proved in [23] and [30] .
Theorem 2.32. There is a graded k-algebra isomorphism
Lμ ,s ). 
We identify h * with the vector subspace of elements of h * that are zero on 1 and ∂. Let Π be the set of roots of g. Denote by Φ = {α k ; k ∈ [0, N ]} the subset of simple roots. For each α ∈ Π, let α ∨ ∈ h be the affine coroot associated with α. Let P = ZΛ 1 ⊕ · · · ZΛ N ⊂ h * be the weight lattice of g. Let Λ 0 and δ be the elements of h * defined by δ(∂) = Λ 0 (1) = 1 and δ(h ⊕ C1) = Λ 0 (h ⊕ C∂) = 0. Let P = ZΛ 0 ⊕ P ⊕ Zδ be the weight lattice of g.
There exists a Z-bilinear form (, ) : 
0 for each α k ∈ Φ m ). Let P m ⊂ P be the set of m-dominant weights of g. Set P m = P ∩ P m . We will identify the element N k=1 a k Λ k , a k ∈ Z, of the weight lattice P with the N -tuple (a 1 , a 2 , · · · , a N ). Let ρ, ρ m ∈ P be given by ρ = (0, −1, −2, · · · , −(N − 1)),
Set also ρ = ρ + N Λ 0 ∈ P . For each λ ∈ P m , consider the following element λ = (z λ , λ, −e − N ) ∈ P m , where z λ = (λ, 2ρ + λ)/2e. Definition 2.34. Let O m be the category of the finitely generated U ( g)-modules which are semisimple h-modules such that the p m -action is locally finite and the highest weights of each subquotient are of the form λ for some λ in P m . Then O m is an abelian category.
For each λ ∈ P m , let M m (λ) be the parabolic Verma module in O m with highest weight λ. Let P m be the set of l-partitions λ = (λ 1 , · · · , λ l ) such that Y (λ a ) contains at most m a boxes for each a ∈ [1, l].
We identify an l-partition λ as above with the weight
where 0 a is the row of a zeros for each a ∈ N. Consider the map ω : 
For simplicity, we abbreviate
is an equivalence of categories. We have the following theorem, see [26, Thm. 6.4] .
Theorem 2.37. The k-algebra S O admits a Koszul grading.
Here and for the rest of the paper, the grading of S O is the Koszul grading from Theorem 2.37. 
Theorem 2.38. Assume that m is dominant or antidominant. There is an equivalence of categories E
Remark 2.39. Since A is a highest weight subcategory of O m , the BGG duality yields a duality on A which fixes the simple modules. Similarly, since A ! is a quotient of an affine parabolic category O (at positive level), it admits also a duality. See [26] for details.
2.14. Analogue of the cyclotomic KLR-algebra.
is as in Section 2.6. Now, we define an analogue of the cyclotomic KLR-algebra. Consider the idempotent of We must check the condition (a 2 ) for A. We construct the duality functor D on A in the same way as in [3, Sec. 3.11] . More precisely, for each
Moreover, we have
where K is the equivalence in Theorem 2.5. Since A ≃ mod(S O ) and S O is a basic algebra, by Theorem 2.5 (a) we have a graded algebra isomorphism
deduce that there is a graded k-algebra anti-involution i :
op , because the duality on A ! from Remark 2.39 gives an isomorphism λ,µ∈P l 
Proof. The statement follows from Corollary 2.12 and Section 2.15.
Remark 2.44. The functors F and F O are quotient functors. Thus, we have 
Here, the second equality is the condition (b 5 ) in Definition 2.26 and the third equlity is the condition (b 3 ) in Definition 2.26.
The level l Fock space F s associated with the parameter s = (s 1 , · · · , s l ) is a Q(q)-vector space with basis {M λ ; λ ∈ P l } called standard basis. It is equipped with a representation of U q ( sl e ) defined as in [5, (3.22) , (3.23) ]. Let V s be the simple U q ( sl e )-module with highest weight Λ s1 + · · · + Λ s l . Consider the surjection Remark 2.47. (a) The element q in [5] corresponds to q −1 in [29] . In particular, the positive canonical basis in [5] corresponds to the negative canonical basis in [29] .
(b) The category concidered in Appendix A is larger then the category A. But the inclusion of A in this category respects the grading by [26 
On the other hand, Corollary 2.43 implies that c
For each λ, ξ ∈ P 
2.17.
Identification of grading of the KLR-algebra. We identify A ≃ mod(S O ) as in Section 2.13. Under this identification, we can view the functor E S from Theorem 2.38 as a functor E S : mod(S 
The categories mod( b R Let us prove that these algebras are also isomorphic as graded algebras. To do so, we will construct a homogeneous basis of
For each ξ ∈ K l d and each g, s ∈ N, write
Ogs ξλ ], we consider the chain of maps 
Lemma 2.50. The set Θ = {θ
with a gst λξ ∈ k be a nontrivial linear combination of elements of Θ λξ . Let g 0 be minimal such that a
O s 0 is nonzero, where the right hand map is the projection on the t 0 th copy of L λ O s 0 . Thus θ is not zero. Hence, the elements of the set Θ λξ are linearly independent. Now, to show that they form a basis of
We must check that the image of a linear combination of elements of Θ λξ that contains an element of Θ λξ \Θ f λξ with a nonzero coefficient is not in rad
be such a linear combination. Let g 0 be minimal such that a g0s0t0 λξ = 0 for some
In the same way as in the proof of Lemma 2.50 we can show that the composition [18] and the functor F ′ is 0-faithful by [22, Thm. 6.6] . So, by [24, Lem. 2.14], the module T is tilting. Thus it is injective. This implies that, for each λ ∈ K l d , the module P λ O is injective because it is a direct factor of T , see Section 2.14. In particular it is autodual with respect to the BGG duality. Now, by construction, we have P 
. Consider the filtration of P ξ given by
where P ξ (f ) = θ Im θ, the map θ runs over the set of homogeneous maps in Hom S s d (P λ , P ξ ) of degree f (for the grading in Section 2.9) and λ varies in P 
Proof. Part (a) follows from the fact that c ξλ (
, see Lemma 2.56. Now, we prove (b). Suppose that there exists a submodule P ′ξ ⊂ P ξ containing P ξ (g) such that there exists a nonzero homogeneous morphism P ′ξ /P ξ (g) → L λ s . By the projectivity of P λ , the canonical map P λ s → L λ s factors as follows
The left arrow yields a morphism θ ∈ Hom S s
. This contradicts to the definition of P ξ (g).
Lemma 2.60. For each f ∈ N and each ξ ∈ P
Proof. By Lemma 2.59, for each f ∈ N, any simple subquotient of P ξ (f )/P ξ (f + 1) is of the form L λ f for some λ ∈ P l d . Thus, by Corollary 2.58, the module P ξ (f )/P ξ (f + 1) is semisimple. This implies the statement. 
Proof. Assume that the statement is false. Let g be maximal such that the statement fails. Thus, we have
Here the second equality follows from the maximality of g. By Lemma 2.61, each power of q in [rad
Here the second equality is Lemma 2.53. We come to a contradiction. 
The set {v 
>g . This implies that for each homogeneous element
On the other hand the map Φ is homogeneous of degree zero. Thus Φ is a graded algebra isomorphism. Proof. We have
So we have also c ξλ (q) = q a ξ −a λ c O ξλ (q). But the matrix c(q) is symmetric by Corollary 2.43. Thus, for each λ, ξ in P l d we have c λξ (q) = q 2(a ξ −a λ ) c λξ (q). Thus a λ = a ξ whenever c λξ (q) = 0. To conclude it is enough to note that for each λ, ξ ∈ P l d we can find a chain λ, λ 1 , λ 2 , · · · , λ n , ξ ∈ P Proof. We have a chain of graded algebra isomorphisms
Appendix A. Graded decomposition numbers
The goal of this appendix is to calculate the graded decomposition numbers in the affine parabolic category O needed to prove Lemma 2.46.
We keep the notation from Sections 2.11, 2.12. Let e be an integer > 0. Let P be the set of proper subsets of Φ. We will refer to elements of P as parabolic types. Suppose ν ∈ P. Let p ν be the unique parabolic subalgebra containing b whose set of roots is generated by Φ ∪ (−ν). We will say that a weight λ ∈ P is ν-dominant
Let O ν be the category of g-modules such that M = λ∈ h * M λ with M λ = {m ∈ M ; xm = λ(x)m, ∀x ∈ h} and U ( p ν )m is finite dimensional for each m ∈ M .
Let W be the Weyl group of g. Let be the Bruhat order on W . For each λ ∈ P , w ∈ W we set w · λ = w(λ + ρ) − ρ. Let S be the set of simple reflection in W . Fix µ ∈ P. Let W µ ⊂ W be the parabolic subgroup generated by the simple reflection corresponding to µ. Let µ W ⊂ W be the set of minimal length representatives of the cosets in W µ \W . Let o µ,− ∈ P (resp. o µ,+ ∈ P ) be a weight of the form (z λ , λ, −e − N ) (resp. a weight of the form (z λ , λ, e − N )) with λ ∈ P such that o µ,− + ρ is antidominant (resp. o µ,+ + ρ is dominant) and the stabiliser of o µ,− (resp. o µ,+ ) in W under the dot-action is equal to W µ . Here the notation is as in Section 2.12. Let be the partial order on P given by λ 1 λ 2 if λ 2 − λ 1 is a linear combination of simple roots with coefficients in N.
Let O ν µ,± ⊂ O ν be the full subcategory consisting of the modules such that the highest weight of their simple subquotients are conjugated to o µ,± under the dotaction. For a ν-dominant weight λ ∈ P , let V ν (λ) be the parabolic Verma module with highest weight λ. We write just V (λ) if ν = ∅. Let L(λ) be denote the unique simple quotient of V (λ).
Let I µ,− (resp. I µ,+ ) be the set of shortest (resp. longest) representatives of the cosets W/W µ in W and I [20] . This graded lifts are unique up to a shift of the grading because all mentioned modules are indecomposable. Fix the graded lifts of simple modules concentrated in degree zero and fix the graded lifts of projective modules, Verma modules and dual Verma modules that satisfy the same normalization conditions as in Section 2.3. In the notation above we will skip the upper index ν if ν = ∅. A.1. Kazhdan-Lusztig polynomials. In this section we follow the notation of Soergel [27] . First, we define the Hecke algebra associated with (W, S). All claims here are true for an arbitrary Coxeter system (W, S). Let l : W → N be the length function.
Definition A.3. The Hecke algebra H is the Z[q, q −1 ]-algebra generated by the elements H s , s ∈ S, modulo the following defining relations
• H 2 s = 1 + (q −1 − q)H s ∀s ∈ S, • H s H t · · · H s = H t H s · · · H t ∀s, t ∈ S, st · · · s = ts · · · t, • H s H t · · · H t = H t H s · · · H s ∀s, t ∈ S, st · · · t = ts · · · s.
For w ∈ W with reduced expression w = st · · · r set H w = H s H t · · · H r . The algebra H has a unique ring homomorphism • : H → H, H → H such that q = q For each x, y ∈ W , let h x,y be the inverse Kazhdan-Lusztig polynomial, i.e., such that z∈W (−1) l(x)+l(z) h z,x (q)h z,y (q) = δ x,y .
Fix a subset f ⊂ S such that the subgroup W f ⊂ W generated by f is finite. Let f W be the set of minimal length representatives for the cosets W f \W . For each x, y ∈ f W , let n x,y (q) be the parabolic Kazhdan-Lusztig polynomial associated with the parabolic subgroup W f ⊂ W , i.e., we have n x,y (q) = z∈W f (−q) l(z) h zx,y (q).
For each x, y ∈ f W , let n x,y (q) be the inverse parabolic Kazhdan-Lusztig polynomial, i.e., we have
l(x)+l(z) n z,x (q)n z,y (q) = δ x,y .
We may write n f x,y (q), n x,y f (q) to insist on the parabolic type f . Now, we recall some basic properties of Kazhdan-Lusztig polynomials. 
where
V (x · λ).
Corollary A.7. Each map except ǫ in (A1) is of degree 1. The map ǫ is of degree 0.
Proof. We must explain why ǫ is homogeneous of degree 0. By definition of the graded lifts of (parabolic) Verma modules, the morphisms V (λ) → L(λ) and V ν (λ) → L(λ) are homogeneous of degree zero. The morphism V (λ) → V ν (λ) is homogeneous because dim Hom Oµ,− (V (λ), V ν (λ)) = 1. Its degree is automatically zero.
Assume that ν ∈ P, v ∈ I Here the second equality is Lemma A.4 (e), the third is Lemma A.4 (b).
A.5.
Step 3. Let ν ∈ P and u ∈ I ν,+ .
Lemma A.10. For each x, y ∈ u I ν,+ we have
Proof. Set v = u −1 . As in the proof of Corollary 2.12, we deduce from Corollary A.9 that we have Thus we get 
